Abstract. We study existence and non-existence of constant scalar curvature metrics conformal and arbitrarily close to homogeneous metrics on spheres, using variational techniques. This describes all critical points of the HilbertEinstein functional on such conformal classes, near homogeneous metrics. Both bifurcation and local rigidity type phenomena are obtained for 1-parameter families of U(n + 1), Sp(n + 1) and Spin(9)-homogeneous metrics.
Introduction
Given a closed Riemannian manifold (M, g), with dim M = m ≥ 3, the Yamabe problem concerns the existence of constant scalar curvature metrics conformal to g. Solutions to this problem can be characterized variationally as critical points of the Hilbert-Einstein functional restricted to the conformal class [g] . The proof that such a solution always exist is a consequence of the successive works of Yamabe [30] , Trudinger [29] , Aubin [3] and Schoen [22] , and provides minimizers of the Hilbert-Einstein functional in each conformal class. For instance, Einstein metrics are minima of the functional in their conformal class. In fact, except for round metrics on spheres, they are the unique metrics in their conformal class having constant scalar curvature, see Obata [18] . Anderson [2] proved that, generically, the Hilbert-Einstein functional restricted to a conformal class has a unique critical point. Nevertheless, there are many other families of constant scalar curvature metrics that are critical points of this functional, but not necessarily minimizers. This raises the following interesting problem:
Question. Given a closed Riemannian manifold (M, g), classify all critical points of the Hilbert-Einstein functional restricted to the conformal class [g] .
In this paper, we partially answer the above question when (M, g) is the sphere S m equipped with a homogeneous metric (recall that any such metric is a solution to the Yamabe problem). Before giving details about our results, let us recall a few previous works on the above question. Schoen [23] proved existence of an increasing number of solutions, with large energy and Morse index, in the conformal class of the product S 1 (r) × S m−1 of round spheres, as the radius r of the circle tends to infinity. A remarkable result regarding non-uniqueness of solutions is due to Pollack [19] , that proved existence of arbitrarily C 0 -small perturbations of any given metric, with arbitrarily large number of solutions in its conformal class. Regarding perturbations of the round metric on the sphere, Ambrosetti and Malchiodi [1] Date: June 2012. 2010 Mathematics Subject Classification. Primary: 53C30, 58J55; Secondary: 53C20, 53C24, 58E07, 58E50.
The first named author is supported by the NSF grant DMS-0941615. The second named author is partially supported by Fapesp, São Paulo, Brazil, and by CNPq, Brazil. obtained the existence of at least 2 solutions for certain deformations. Later, Berti and Malchiodi [6] obtained the existence of a sequence of unbounded solutions (in the L ∞ sense) among other multiplicity results, also for perturbations of the round metric. Recently, Lima, Piccione and Zedda [14] studied the family of metrics on a product M 1 × M 2 of compact Riemannian manifolds obtained by rescaling one of the factors, similarly to the case of S 1 (r) × S m−1 mentioned above, obtaining bifurcation of solutions.
In a natural continuation of the latter, we study bifurcation of solutions from families of homogeneous metrics on spheres. More precisely, our main results (Theorems 5.4, 6.5 and 7.5) distinguish homogeneous metrics that are a bifurcation point (i.e., an accumulation point of other solutions conformal to homogeneous solutions) from homogeneous metrics that are locally rigid (i.e., not a bifurcation point). This local rigidity means uniqueness in some neighborhood inside its conformal class. For a precise definition of these notions, see Definition 2.3. Thus, these results completely describe the arrangement of the critical points of the Hilbert-Einstein functional on conformal classes of homogeneous metrics on S m in a vicinity (in the C k,α topology) of the set of homogeneous metrics. We note that this was already known only for the round metric, which belongs to all families of homogeneous metrics and it is trivially a bifurcation value for all of them.
Homogeneous metrics on spheres were classified by Ziller [31] in 1982. All such metrics arise as a deformation of the round metric by scaling it in the direction of the fibers of a Hopf fibration (these manifolds are also often referred to as Berger spheres). More precisely, the total space of each Hopf fibration
admits a family of homogeneous metrics, depending on one parameter t > 0, obtained by scaling the round metric by a factor t 2 in the subbundle tangent to the Hopf fibers. This gives rise to: g t , a 1-parameter family of U(n + 1)-homogeneous metrics on S 2n+1 ; h t , a 1-parameter family of Sp(n + 1)-homogeneous metrics on S 4n+3 ; k t , a 1-parameter family of Spin(9)-homogeneous metrics on S 15 .
In addition, S 4n+3 carries a 3-parameter family of Sp(n + 1)-homogeneous metrics given by rescaling any left-invariant metric on the fibers S 3 in the same fashion. Any homogeneous metric on S m is isometric to one of the above. In this paper, we deal with metrics in each of the three 1-parameter families g t , h t and k t , since bifurcation and local rigidity phenomena are naturally cast for 1-parameter families.
We can now describe our results in more detail. We prove (Theorem 5.4) that every metric g t , except the round metric g 1 , is a locally rigid solution to the Yamabe problem. We also prove (Theorems 6.5 and 7.5) that, for each of the two families h t and k t , there exist corresponding decreasing sequences {t 
This means that {g t , t = 1} are locally the only critical points of the HilbertEinstein functional on their conformal classes (hence locally the only solutions to the Yamabe problem); while for {h t , t > 0} and {k t , t > 0} there are infinitely many bifurcating branches of critical points issuing from the homogeneous branch at h t h q and k t k q (hence infinitely many other solutions to the Yamabe problem that accumulate on homogeneous solutions). Moreover, there is a break of symmetry at all these bifurcation values, i.e., the bifurcating branches consist of non-homogeneous metrics. Such different behaviors of h t and k t compared to g t are in part explained by the fact that the scalar curvature function scal(g t ) is bounded from above, while scal(h t ) and scal(k t ) blow up as t → 0.
The round metric of S m belongs to all three families g t , h t and k t , corresponding to t = 1. In the conformal class of this metric, it was already well-known that the critical points of the Hilbert-Einstein functional form a manifold of dimension m+1. This implies that the round metric is a trivial bifurcation point in all three families. This follows from the fact that the round sphere is the unique compact Riemannian manifold to admit non-isometric conformal transformations (see Obata [18] ) and given any such transformation f : S m → S m , the pull-back of the round metric by f has constant scalar curvature (see Schoen [24, Sec 2] ). In this way, to each nonisometric conformal transformation of S m corresponds a solution to the Yamabe problem that is conformal to the round metric.
Our results can also be understood from the viewpoint of dynamical systems, where bifurcation means a topological or qualitative change in the structure of the set of fixed points of a 1-parameter family of systems when varying this parameter. Critical points of the Hilbert-Einstein functional in a conformal class [g] are fixed points of the so-called Yamabe flow, the corresponding L 2 -gradient flow of the Hilbert-Einstein functional, which gives a dynamical system in this conformal class. The bifurcation results above mentioned can be hence interpreted as a local change in the set of fixed points of the Yamabe flow near homogeneous metrics (which are always fixed points) when varying the conformal class [g] with g in one of the families g t , h t and k t . An interesting question would be to study the dynamics near these new fixed points for t ∈ {t h q } (respectively t ∈ {t k q }).
We also obtain corollaries to our main results regarding global uniqueness and multiplicity of solutions to the Yamabe problem in the conformal classes of g t , h t and k t . Namely, we prove that the set of t > 0 such that there exists a unique unit volume constant scalar curvature metric in the conformal class of g t is open (see Proposition 8.1). The same is true for the other families h t and k t . In the opposite direction, we have results on the multiplicity of solutions in the conformal classes of the families h t and k t that admit bifurcation. More precisely, we prove existence of at least 3 different unit volume constant scalar curvature metrics in the conformal class of h t for t in an infinite subset of ]0, 1[ with 0 in its closure, see Proposition 8.2. Again, the same holds for k t .
The techniques to prove all of the above results are based on the variational characterization of solutions to the Yamabe problem as critical points of the HilbertEinstein functional on conformal classes. Most of the abstract results used appeared in the recent paper [14] . There are two such abstract results. The first (Proposition 2.4) gives a sufficient condition for local rigidity at a critical point using the Implicit Function Theorem. The second (Proposition 2.6) gives sufficient conditions for existence of a bifurcation, based on the classic bifurcation result that a change in the Morse index implies bifurcation, see [10, Thm II.7.3] More precisely, a critical point g t is degenerate if and only if scal(g t ) = 0 and scal(gt) m−1 is an eigenvalue of ∆ t ; and the Morse index of a critical point g t is the number of positive eigenvalues of ∆ t that are less than scal(gt) m−1 . Since the above 1-parameter families g t of homogeneous metrics on S m are the obtained by scaling the fibers of Riemannian submersions with totally geodesic fibers, the spectrum of the Laplacian ∆ t of g t is well-understood (see [4, 8] ). Roughly, it consists of linear combinations (that depend on t) of eigenvalues of the original metric on the total space, the round sphere, with eigenvalues of the fibers, which are also round spheres. Since the spectrum of round spheres is well-known, computing the spectrum of ∆ t is reduced to identifying which combinations of eigenvalues occur as eigenvalues of ∆ t . This depends heavily on the global geometry of the submersion, but, in the cases studied, can be tackled using observations of Tanno [27, 28] . In particular, we explicitly compute the first positive eigenvalue λ 1 (t) of g t . Combining this knowledge of the spectrum of ∆ t with the formula for the scalar curvature of g t , we are able to identify all degeneracy values of each 1-parameter family g t , compute their the Morse index and prove existence of bifurcation at all degeneracy values t = 1 and local rigidity around g t for all other t > 0.
We stress that although we only consider spheres, many of the theoretic aspects of our results are completely general to metrics g t obtained by scaling the fibers of any Riemannian submersion with totally geodesic fibers. With a few other assumptions, it is possible to obtain similar bifurcation results on other such families whose fiber has positive scalar curvature. An infinite sequence of bifurcation values {t q } converging to zero is obtained via changes of the Morse index when eigenvalues of the Laplacian on the base manifold (that are also eigenvalues of ∆ t for all t > 0) become smaller than scal(gt) m−1 . Nevertheless, one has to deal with compensations of eigenvalues crossing in the opposite direction with same multiplicity (preventing the Morse index from changing). A study of this compensation problem and applications are to appear in a forthcoming note by the authors. This paper is organized as follows. In Section 2, we briefly recall the variational characterization of the Yamabe problem, and establish the basic notions of bifurcation and local rigidity, as well as the abstract bifurcation criteria that will be used in the applications. The Laplacians of a Riemannian submersion with totally geodesic fibers are studied in Section 3. Section 4 describes the classification of homogeneous metrics on spheres, obtained by Ziller [31] . In Sections 5, 6 and 7, we prove the main results of the paper, on bifurcation and local rigidity of solutions to the Yamabe problem, for the families (S 2n+1 , g t ), (S 4n+3 , h t ) and (S 15 , k t ) respectively. Finally, Section 8 contains global uniqueness and multiplicity results for solutions of the Yamabe problem on the above families that follow as consequences of our main results. 1 We denote an abstract 1-parameter family of metrics by gt (so that in the applications mentioned gt will be replaced by gt, ht and kt).
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Variational setup for the Yamabe problem
We start by briefly recalling the classic variational setup for the Yamabe problem, see [14, 24] for details. Let M be a closed manifold of dimension m. Henceforth we fix k ≥ 3 and
Denote by Met 1 (M ) the smooth codimension 1 embedded submanifold of Met(M ) formed by unit volume metrics. Finally, let
The set [g] 1 is a smooth codimension 1 Banach submanifold of [g], and its tangent space at the metric g can be canonically identified as
2.1. Hilbert-Einsten functional. The Hilbert-Einstein functional is defined by 
Remark 2.2. Note that, given α > 0, one has ∆ αg = 1 α ∆ g and scal(αg) = 1 α scal(g). Hence, the spectrum of ∆ g − scal(g) m−1 scales in a trivial way under homotheties, in the sense that negative (respectively positive) eigenvalues remain negative (respectively positive). On the other hand, vol αg = α m 2 vol g . Thus, whenever necessary, we may renormalize a metric to have unit volume without compromising the above spectral theory.
2.2. Bifurcation vs. local rigidity. Consider a smooth path g t ∈ Met 1 (M ) of constant scalar curvature Riemannian metrics on M . Definition 2.3. A value t * ∈ [a, b] is a bifurcation value for the family g t if there exists a sequence {t q } in [a, b] that converges to t * and a sequence {g q } in Met(M ) of Riemannian metrics on M that converges to g t * satisfying for all q ∈ N
is not a bifurcation value, then the family g t is locally rigid at t * . In other words, the family g t is locally rigid at t * ∈ [a, b] if there exists an open neighborhood U of g t * in Met(M ) such that the following holds. If g ∈ U is another metric with scal(g) constant and there exists t ∈ [a, b] with g t ∈ U , g ∈ [g t ] and Vol(g) = Vol(g t ), then g = g t .
A value t * ∈ [a, b] is a degeneracy value for g t if scal(g t * ) = 0 and
is an eigenvalue of the Laplacian ∆ t * of g t * . From (2.3), this is equivalent to g t * being a degenerate critical point of (2.2) restricted to [g t * ] 1 . The Morse index N (g t ) of g t is the number of positive eigenvalues of ∆ t (counted with multiplicity) that are less than
The following sufficient condition for local rigidity of g t at t * is easily proved using the Implicit Function Theorem, see [14, Prop 3.1].
Proposition 2.4. If t * is not a degeneracy value of g t , then g t is locally rigid at t * .
Corollary 2.5. Suppose that, in addition to the hypotheses of Proposition 2.4, there exists a value t * for which
is less than the first positive eigenvalue λ 1 (t * ) of ∆ t * . Then g t * is a strict local minimum for the Hilbert-Einstein functional in its conformal class, in particular g t is locally rigid at t * .
Thus, a necessary condition for bifurcation at t * is that t * be a degeneracy value. However, this is generally not sufficient. From classic bifurcation theory, a sufficient condition can be given in terms of a change in the Morse index N (g t ) when passing a degeneracy value t * , see [ 
Spectrum of Riemannian submersions with totally geodesic fibers
Great part of the proofs of our results on homogeneous spheres are based in general facts for Riemannian submersions with totally geodesic fibers. In this section, we recall abstract tools to study their spectrum. Let π : (M, g) → (B, h) be a smooth Riemannian submersion with (connected) totally geodesic fibers (F, k).
), is symmetric (hence closable) and non-negative. Furthermore, it is well-known that ∆ M is essentially self-adjoint with this domain. We denote its unique self-adjoint extension also by ∆ M . Analogously, let ∆ F be the (unique self-adjoint extension of the) Laplacian of the fiber (F, k).
and the horizontal Laplacian acting on the same space by the difference
Both ∆ h and ∆ v are non-negative self-adjoint unbounded operators on the Hilbert space L 2 (M, vol g ), but are in general not elliptic (unless π is a covering). We now consider the spectra of such operators. It is well-known that ∆ M is nonnegative and has compact resolvent, hence its spectrum is non-negative and discrete. Since the fibers are isometric, ∆ v also has discrete spectrum equal to that of the fibers. Let us denote these spectra by
We stress that the multiplicity of the eigenvalues of ∆ M is always finite, however the eigenvalues of ∆ v might have infinite multiplicity. Namely, ∆ v ψ = 0 only implies that ψ is constant along the fibers, i.e., ψ = ψ • π for some function ψ on the base. We also remark that the spectrum of ∆ h need not be discrete (see [ Namely, the basis of simultaneous eigenfunctions is claimed to be obtained from commutativity of ∆ M and ∆ v . However, it is only proven that the unbounded self-adjoint operators ∆ M and ∆ v commute on the dense subspace of smooth functions on M , which is not sufficient 2 to draw the above conclusion. The correct notion of commutativity for such operators in order to obtain this conclusion is in terms of commutativity of all of their projections in the associated projectionvalued measures. This strong commutativity can be proved using [17, Cor 9.2] with A = ∆ M , B = ∆ v and D = C ∞ (M ). We note that essential self-adjointness of A 2 + B 2 on D follows from the fact that this is an elliptic operator with smooth coefficients in a compact manifold. An alternative proof of the desired strong commutativity can be given using [21, Prop 2] 
A thorough description of the spectrum of Riemannian submersions with totally geodesic fibers was later achieved in [8] , in terms of representations of the isometry group of the fibers.
3.2. Scaling the fibers. Let F → (M, g) π → B be a Riemannian submersion with totally geodesic fibers. A natural way of obtaining a 1-parameter family of other such submersions is scaling the original metric in the direction of the fibers. Namely, consider g t ∈ Met(M ) given by
→ B, t > 0, is a Riemannian submersion with totally geodesic fibers, isometric to (F, t 2 k), where (F, k) is the original fiber of π : M → B. This construction is sometimes referred to as canonical variation. Note that for a = b, the metrics g a and g b are not conformal.
Proposition 3.4. Let ∆ t be the Laplacian of (M, g t ). Then
For the proof of the above formula, see [4, Prop 5.3 ]. We will now use it to characterize the spectrum of ∆ t in terms of the spectrum of the original Laplacian ∆ M and the vertical Laplacian ∆ v .
Corollary 3.5. For each t > 0, the following inclusion holds
Since the above spectra are discrete, this means that every eigenvalue λ(t) of ∆ t is of the form 
T fv are operators of multiplication by functions f M and f v respectively. For such multiplication operators T f , the spectrum σ(T f ) is the essential range of f . Thus, from (3.3), σ(∆ t ) is the essential range of f M + Not all possible combinations of µ k and φ j on (3.4) give rise to an eigenvalue of ∆ t . In fact, this only happens when the total space of the submersion is a Riemannian product. As mentioned before, determining which combinations are allowed depends on the global geometry of the submersion. In the general case, this problem was solved in [8] . As we will see, in the case of homogeneous spheres, one can use simpler observations of Tanno [27, 28] to obtain a sufficiently good refinement of Corollary 3.5, see Lemmas 6.1 and 7.1. From the above, we obtain a Hilbert basis of eigenfunctions of ∆ t which clearly varies with t. In particular, the ordering of the eigenvalues of ∆ t may change with t. This behavior indeed occurs in our applications.
Remark 3.6. The canonical variation g t only exists for 0 < t < +∞, however, considering spectral theory also on Alexandrov spaces, one may inquire about the spectrum of the limits t → 0 and t → +∞. Indeed, the Gromov-Hausdorff limits of (M, g t ) as t → 0 and as t → +∞ exist. The first is the base B of the submersion, since the fibers collapse to a point. The second is a compact sub-Riemannian manifold (typically with Hausdorff dimension higher than m). The k th eigenvalue λ k (t) of the Laplacian ∆ t is a continuous (and, in general, not differentiable) function of t, for t ∈ [0, +∞], see [25] . In particular, the limits lim t→0 λ k (t) and lim t→+∞ λ k (t) 3 Since these are unbounded self-adjoint operators, the correct notion of commutativity is given in terms of commutativity of the projections in the associated projection-valued measures, see Remark 3.3. are eigenvalues of the Laplacian of B = lim t→0 (M, g t ) and of lim t→+∞ (M, g t ), respectively. The above claims will be indeed verified in our examples.
Homogeneous metrics on spheres
Consider the following Riemannian submersions with totally geodesic fibers
2 , where the fibers and total spaces are equipped with the round metric. Denote the canonical variation of the above by
These are 1-parameter families of homogeneous metrics (often called Berger spheres) that are invariant under U(n + 1), Sp(n + 1) and Spin (9), respectively. In the remainder of this paper, we study bifurcation of solutions to the Yamabe problem along one of the three above families. Homogeneous metrics on spheres (actually, on compact symmetric spaces of rank one) were classified by Ziller [31] in 1982. Apart from {g t }, {h t } and {k t }, the only remaining homogeneous metrics on spheres are the Sp(n + 1)-homogeneous metrics on S 4n+3 obtained from scaling the three different circles in the fiber S 3 by distinct factors (the metrics {h t } correspond to scaling all three circles the same amount). In other words, those remaining metrics are the ones for which the 3-dimensional Hopf fibers of S 3 → S 4n+3 → HP n are endowed with a left-invariant metric on S 3 that is not a multiple of the round metric. Note that any two different homogeneous metrics on S m are non-conformal. 
5.1. First eigenvalue of the Laplacian. We use Corollary 3.5 to study the eigenvalues of the Laplacian ∆ t of (S 2n+1 , g t ). As mentioned before, the spectrum of ∆ v coincides with that of the fibers. The k th eigenvalue 4 of a m-dimensional round sphere is well-known to be k(k + m − 1), see [5] . Thus, from (3.4), the eigenvalues of ∆ t are of the form
4 Henceforth, by an eigenvalue of a Riemannian manifold (M, g) we mean an eigenvalue of its Laplacian ∆g acting on L 2 (M, volg).
for some k, j ∈ N ∪ {0}. The following refinement of the above is due to Tanno [27, Lemma 3.1].
Lemma 5.1. For each eigenvalue µ k = k(k + 2n) of (S 2n+1 , g 1 ), denote its corresponding eigenspace by E k ⊂ L 2 (S 2n+1 , vol g1 ). Then E k has a orthogonal decomposition 5 in simultaneous eigenspaces
where k/2 denotes the largest integer less than or equal to k/2, and for each
In particular, λ k,j (t) can only be an eigenvalue of ∆ t if 0 ≤ j ≤ k and k − j is even, i.e., the eigenvalues of ∆ t can only be among
Proof. Note that since the fibers have dimension one, denoting by V the unit tangent field to the Hopf fibers and identifying it with the derivation operator of
2 ψ, then along any geodesic γ(s) tangent to V , we must have
where c 1 and c 2 are real constants depending on γ.
On the other hand, since ψ ∈ E k , from standard theory of spherical harmonics, ψ is the restriction of a harmonic homogeneous polynomial of degree k in R 2n+2 to S 2n+1 , see [5] . Thus, the restriction of ψ to γ must also be of the form
where c l are real constants depending on γ. Since (5.2) and (5.3) must coincide, it follows that j ∈ {k, k − 2, . . . , k − 2 k/2 }.
This already imposes several necessary conditions on k, j ∈ N ∪ {0} to form an eigenvalue λ k,j (t) of ∆ t . Clearly, the problem of determining which such k, j ∈ N ∪ {0} indeed give rise to λ k,j (t) ∈ σ(∆ t ) is equivalent to determining which E j k are non-trivial. By constructing explicit elements of E j k using spherical harmonics, Tanno [27] also observed the following.
Lemma 5.2. The following E j k are non-trivial:
We are now ready to compute the bottom of the spectrum of (S 2n+1 g t ), by extracting the least possible λ k,j (t) among (5.1).
Proposition 5.3. The first non-zero eigenvalue of the Laplacian of (S 2n+1 , g t ) is
5 Notice that some of the E j k 's may be trivial.
with multiplicity given by
.
Proof. From Lemma 5.1, we know that any eigenvalues of ∆ t are of the form λ k,j (t) for some k, j ∈ N ∪ {0}, as in (5.1). We want to compute
where
First, suppose 1 ≤ j ≤ k, i.e., compute r 2 (t). For such k, j,
From Lemma 5.2, E 0 2 is non-trivial, hence λ 2,0 (t) ∈ σ(∆ t ). This proves that (5.7) r 1 (t) = λ 2,0 (t) = 4(1 + n).
From (5.5), (5.6) and (5.7), we obtain:
To compute the multiplicity of this first eigenvalue, one has to compute dimensions of E j k . These can be determined using the formula for the dimensions of E k , see [5] . For this computation, we refer to [27] .
Local rigidity.
We now prove local rigidity of the family (S 2n+1 , g t ) at all t > 0, t = 1, in the sense of Definition 2.3. Recall this family is not locally rigid at t = 1, which is a known bifurcation value, since the critical points of the HilbertEinstein functional restricted to the conformal class [g 1 ] of the round metric form a manifold of dimension 2n + 2. 
, we also have that
unless t = 1, in which case equality holds. Local rigidity of (S 2n+1 , g t ) for t = 1 now follows from Corollary 2.5.
Homogeneous spheres (S
4n+3 , h t ) 6.1. Spectrum of the Laplacian. Analogously to the case before, from (3.4), all eigenvalues of ∆ t are of the form
. The following refinement of the above is due to Tanno [ 
. Then E k has a orthogonal decomposition in simultaneous eigenspaces
where k/2 denotes the largest integer less than or equal to k/2, and for each ψ ∈ E j k , ∆ v ψ = j(j + 2)ψ. In particular, λ k,j (t) can only be an eigenvalue of ∆ t if 0 ≤ j ≤ k and k − j is even, i.e., the eigenvalues of ∆ t can only be among
The proof is totally analogous to that of Lemma 5.1. Namely, one observes that ∆ v = − 3 l=1 V l V l , where {V l , l = 1, 2, 3} are unit vectors that span the vertical subbundle, i.e., the distribution tangent to the Hopf fibers. Then, a simultaneous eigenfunction ψ ∈ E j k must be the restriction of a harmonic homogeneous polynomial of degree k to S 4n+3 ⊂ R 4n+4 and hence the degree of the restriction to the Hopf fibers must be one of k, k − 2, . . . , k − 2 k/2 .
Similarly to the previous case, we have the following. Lemma 6.2. The following E j k are non-trivial:
As a consequence, we may compute the the first eigenvalue of (S 4n+3 , h t ), by extracting the least possible λ k,j (t) among (6.1) knowing that some of them occur as eigenvalues of ∆ t for the above k, j ∈ N ∪ {0} such that E j k are non-trivial. Proposition 6.3. The first non-zero eigenvalue of the Laplacian of (S 4n+3 , h t ) is
6.2. Bifurcation and local rigidity. Equipped with expressions for the scalar curvature and eigenvalues of the Laplacian of (S 4n+3 , h t ) we now completely determine the set of values t > 0 where this family is locally rigid and prove existence of bifurcation in its complementary. In fact, all degeneracy values will be bifurcation values. 
The Morse index of h t is given by
is the multiplicity of the q th eigenvalue of HP n , see [5] . In particular, it changes whenever t crosses a degeneracy value t h q , is positive for t < t h 1 and gets arbitrarily large for small t > 0.
Proof. By using elementary calculus techniques and comparing (4.3) and (6.1), we conclude that scal(S 4n+3 , h t ) < λ k,j (t) for any 1 ≤ j ≤ k except when k = j = 1 and t = 1, as shown in Figure 1 . Let us give an idea of how to verify these facts. Define ϕ n,k,j : R + → R by
Consider first the case 1 ≤ j ≤ k, and note that since
Moreover, differentiating in t we get
2n+1 − 12nt, so that the function ϕ n,k,j (t) has a unique critical point, namely when t is equal to
, which in face of (6.4) must be a global maximum for ϕ n,k,j . One can then verify that ϕ n,k,j (c n,k,j ) ≤ 0 and equality holds if and only if k = j = 1, in which case c n,1,1 = 1. This proves that ϕ n,k,j (t) ≤ 0, i.e.,
, for any 1 ≤ j ≤ k and equality holds if and only if k = j = 1, at t = 1. Now, let us consider the case j = 0. In this case,
and the function has negative derivative everywhere,
Hence there exists a unique zero of the function ϕ n,k,0 , which corresponds to a unique t where
Thus, as claimed above, 1 4n+2 scal(S 4n+3 , h t ) can be equal to λ k,j (t) if and only if j = 0, and this equality occurs only for one value of t, namely the unique zero of ϕ n,k,0 . If 1 ≤ j ≤ k, then 1 4n+2 scal(S 4n+3 , h t ) < λ k,j (t), except when k = j = 1 and t = 1, where equality holds.
From Lemmas 6.1 and 6.2, we know that λ k,0 (t) is an eigenvalue of ∆ t if and only if k is even. Setting k = 2q for q ∈ N, we obtain all the degeneracy values of h t in addition to t The Morse index of k t is given by
where m q (S 8 ) is the multiplicity of the q th eigenvalue of S 8 , see [5] . In particular, it changes whenever t crosses a degeneracy value t k q , is positive for t < t k 1 and gets arbitrarily large for small t > 0.
Proof. Totally analogous to the proof of Proposition 6.4. Theorem 7.5. There exists a sequence {t k q } given by (7.2), with t k q → 0 as q → ∞, of bifurcation values for (S 15 , k t ). The family is locally rigid at any t ∈ {t k q }. Proof. Totally analogous to the proof of Theorem 6.5.
Remark 7.6. Analogously to Remark 6.6, break of symmetry also occurs at all bifurcation values t k q , i.e., bifurcating solutions are non-homogeneous metrics.
Remarks on uniqueness and multiplicity of solutions
Given a compact manifold M , we know that a solution to the Yamabe problem exists in every conformal class of Riemannian metrics on M , given by a minimizer of the Hilbert-Einstein functional (2.2). A natural question is then to study the nature of the space of solutions to the Yamabe problem in a given conformal class. In this direction, Brendle and Marques [9] and Khuri, Marques and Schoen [11] obtained remarkable results on compactness and non-compactness of this space of solutions.
Another interesting question is to establish whether uniqueness of (unit volume) solutions to the Yamabe problem holds in a given conformal class. Very little is known on this problem; for instance, uniqueness was proven in the conformal class of every Einstein metric (except for the round metric on spheres), see Obata [18] . Our local rigidity results for the metrics g t , h t and k t on spheres imply local uniqueness of solutions. We can prove that, in the case of these three families of metrics, the uniqueness property is stable; more precisely: 
there is a unique g ∈ Met k 1 (S 2n+1 ) ∩ [g t ] with scal(g) = const. ,
there is a unique g ∈ Met k 1 (S 4n+3 ) ∩ [h t ] with scal(g) = const. ,
there is a unique g ∈ Met k 1 (S 15 ) ∩ [k t ] with scal(g) = const. .
Proof. Let t * ∈ G be fixed, and assume by contradiction the existence of a sequence {t k } in R + , with lim k→∞ t k = t * such that the conformal class [g t k ] has two distinct unit volume constant scalar curvature metrics, denoted by g
k and g
k . We observe that for all t = 1, g t is not conformally flat, and in particular its Weyl tensor does not vanish identically. By homogeneity, it therefore does not vanish anywhere. It follows that the C 2,α -a priori estimates proved by Li and Zhang [12, 13] and Marques [16] hold for the metrics in [g t k ], which implies that the set g ∈ [g t ], t ∈ {t k , k ∈ N} ∪ {t * } : g ∈ Met k 1 (S 2n+1 ), scal(g) = const.
is compact in the C 2 topology. Thus, up to subsequences, we can assume the existence of the limits lim k→∞ g ∞ = g t * , where g t * is the unit volume metric homothetic to g t * .
6 On the other hand, since g t * is a nondegenerate critical point of the Hilbert-Einstein functional, then for k large enough also g
k and g (2) k are nondegenerate, and arbitrarily close to each other. This contradicts the local rigidity at t k , see Proposition 2.4, and proves that G is open. The openness of H and K follows by a totally analogous argument.
Conversely, one is also interested in establishing which conformal classes carry multiple unit volume metrics with constant scalar curvature. Our bifurcation results yield the following. Proposition 8.2. There exists infinite subsets H and K of ]0, 1[, with 0 in their closure, such that for all t ∈ H (respectively t ∈ K), the conformal class [h t ] (respectively [k t ]) has at least 3 distinct unit volume constant scalar curvature metrics.
Proof. For k > 1, consider the bifurcation value t h k for the family h t , see Theorem 6.5. For all t, denote by h t the unit volume metric homothetic to h t . Arbitrarily close to t 
